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Derivation of Moriya’s Rules for the Dzyaloshinskii-Moriya Interaction
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The Dzyaloshinskii-Moriya (DM) interaction has become an essential factor that should be taken into account in the operation of
modern spintronic devices. In this review article, we derive Moriya’s rules, which determine the direction of the DM vector, by
employing relativistic Rashba field, crystal field effects, and symmetry arguments including introduction of the concept of
pseudotensor.
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Fig. 1. (Color online) DMI energy for spin configurations rotating in
opposite directions. (a) Low-energy state. (b) High-energy state. Sy
represents spin magnetic moment.
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Fig. 2. (Color online) Schematics of Moriya’s rules. (a) The Ist rule
with an inversion center. (b) The 2nd rule with a mirror plane
perpendicular to and bisecting the i—j bond. (¢) The 3rd rule with a
mirror plane containing the site i and ;. (d) The 4th rule with a 2-fold
rotation axis perpendicular to the i— bond. (e) The 5th rule with a N-
fold rotation axis along the i—j bond.
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Fig. 3. (Color online) (a) A case with structural inversion asymmetry.
(b) Schematic illustration for the relationship between Rashba effect
and DMIL. (c¢) Schematic illustrations of showing the application of the
3rd and the 2nd Moriya’s rules, respectively, to the configuration
depicted in Fig. 1.
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Fig. 4. (Color online) Illustrations of crystal fields and DM vectors for
the five cases with different crystal symmetries: (a) inversion
symmetry (the 1st rule). (b) mirror symmetry with a yz-mirror plane
(the 2nd rule). (c) mirror symmetry with a xy-mirror plane (the 3rd
rule). (d) 2-fold rotation symmetry with a 2-fold rotation axis
perpendicular to the i—j bond (the 4th rule). (e) N-fold rotation
symmetry along the i— bond (the 5th rule).
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Fig. 5. (Color online) (a) Transformation of a polar vector under
inversion. (b) Transformation of a pseudovector under inversion. (c)
Mirror transformation of polar vectors. (d) Mirror transformation of
pseudovectors. (e) Transformations of polar vectors under the 7~
rotation. (f) Transformations of pseudovectors under the 7-rotation.
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Fig. 6. (Color online) Illustrations showing how the DM vector and
the connecting vector 1 between sites / and ; transform under various
symmetry operations. The left panels depict the configurations before
transformation, and the right panels show those after transformation.
When there exists a symmetry operation, the configurations before
and after transformation must be identical. (a) Case with inversion
symmetry (the 1st rule). (b) Case with a mirror plane in the yz plane.
(c) Case with a mirror plane in the xy plane. (d) Case with a twofold
rotation axis perpendicular to and bisecting the i— bond. (e) Case with
an N-fold rotation axis along the /- bond.
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