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The fundamental order of cogging torque generation in permanent magnet synchronous motors (PMSMs) is generally known as the
least common multiple (LCM) of the number of poles and slots. However, due to aleatoric uncertainties, cogging torque can
significantly increase compared to the ideal case and occur at other orders than the fundamental order. This study analyzed the impact
of aleatoric uncertainties on the cogging torque of PMSMs using a mathematical approach. Uncertainties in the stator and rotor
generate multiples of the pole and slot order. In the case of eccentricity, it is affected by multiples of the pole order and the spatial
order of the eccentricity function. Furthermore, the fundamental order of cogging torque was confirmed to be related to all uncertainty
conditions. These results suggest that the influence of uncertainty should be considered in PMSM designs requiring low cogging
torque.
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Fig. 1. (Color online) PMSM with segmented core and cogging torque measurement data (a) 16P18S SPMSM (Segmented stator core) (b) 48P36S

Spoke-type PMSM (Segmented rotor core).
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Table 1. Conditions and orders of cogging torque generation due to eccentricity.

= mNp - VlNS

(4 12) Type (Condition for @ integral to be non-zero) Order (4 < 2)
©, 1) ME 0 1** order
(1, 0) SE 1 mNp

(1, £1) DE 1 mNpE1

1, 2) ME 1 MmN2

2, 0) SE 2 mNp
) ME 2 MmN

@, 2) DE 2 mN=2

G, 1 ME 3 mNp£]

3, 2) ME 3 mNp£2

Aoz WAsh= 57 BEa ARl {10l thek ZAR] A
T vt 2t

(33)

T 2 N =0
.[02 cos(,uﬂ—,uza)dez{ mweos(mar), 4

0, M, #0

o A G2)elA {133l o7t 274 BEA AR o

2}
ng{l)(a) =27KG,F, z D, (0’ :uz)Sin (:uza)
21 (34)
(/’ll > ,uz) = (O, 1)

AN B % glsol, Aol oo] ohd ZAL 4 = 0
o olm g = 19 EAE web] AGaeId Fsd =
A B2 A e 1Relth, 8 G} Fo) 45l olsher
WD F o} F Sol Fasith mep B4l o
F AGHE T 5, 22 o WGl B A AL 17
27 B2 o] w=A] waste ou@T A

{2}, (3) & s vt 2o
];agIZ} (a)

=KG,» > (mN,*1,)F, \ D,(mN,,u,)sin(mN, £ u,)c

m=1

(35

T;og{}} (a) = ﬂKE)Z ZIHZGM’\"S Da (nNS"IUZ)Sin(#Za) (36)
n=l 15
ojell (357 (36)F2 Aol 00] ohd Fxo] zz}
= mNp g = nNg= 2} 7} ulg- 2ou g F7|= ul$
Holxmz FAGTE 2] (4} FAR] AEe sl o
AR ALl Thewt 2o ARe] Y
j:” cos{(nNy—mN, + 14,)0 —(mN , + j1,)a} dO
37

2 cos(mN, + ), nNg—mN, + 1, =0
o , nNg—mN, + 1, # 0

[ cos{(Ng =mN,, - )0~ (mN,, - 1)} dO

~ {27r cos(mN, — i1,)a, nNg—mN, — g, =0 (38)

0 , nNg—mN, — i, #0

BN

237 38)llA Aol 00] HA F= 21 4 =
InNs — mNplo]oF. WA {(4y3ke: vt 2o] vepd = itk

=

Tcagm(a) (39)

IR S S [N, £ )G, o By, D, (s 1) sin (N, £ 1)t}
2

nm=1 g

2390l = e Hilarst o] SRl ot =7 Ba A}
S} e g B e 24 B o 2
o) Epd & glek.

TCDg (a) = Tcag(lcleal)(a) + Tcggm(a) + ng{“(a) (40)

Al FAhs a1 S W g Zo] 00] HA| Fe 217
19 WE X Table 9] YERAATH

A7 SRR FF, 87 FE, \Alel oJsix 7]
EIE o7 B At g3l oside &F
T vl 2, a787F FAp| SJeiMe = 579 vl 2R,
Aol ofsiMe 12k A = F9 vig 2 2 =5 5

Hi= 2ppe] 121427} g
IvV. 2E 8N QIXIE 12{st pMSM 22 E3

ol Zzte] ot ksl 23t PMSM 7 ==
B FHog EAEidtt AR 2zt Beklg A
o] ZHHoIA| gaL FAll LA FeAgint. b
ol Aellde RE B8AES 1T 7 EIE 4
O =gt Alx sAeh BAE B i 2 BEA
= thet 2ol w3HE
Ty (@)

= —K% joz”{Gz(e)mGz(e)} {F?(0.)+ AF?(0,0)}E (0. 0)d®

(41)



L AFE=1> Journal of the Korean Magnetics Society Vol. 36, No. 3, June 2026

E, terms group

EGHF"  ELETF EGAF,  EGSAF
‘E_'OZGFO' EXGXF EXGAT, E2GALF
LEAGTE, E NG LEAGAE,  EAGHATF
ESAGF,  ESAGSF E,ASGAF,
> E terms group
SEGH™"  LEGZF SEGAF  SEGSAF
LEXET)” XEYGXF YESGAFE, o LEYXGIAF
SEA6ZF,  SEA SEAGAF, SEAGZRF

SEXAGTF, |ZEXAGEIF SESAGAF, |ZEIAGIAF
PPt EZQFO,AFOZO F,,AF, terms= 0
- Oa
nNg#mN,

o G, AG, 0
/ 3.[0-’ coansecos{mNP(g.(.a)}:O - AG, terms =

Fig. 3. (Color online) Zero conditions for cogging torque terms
considering all uncertainties.

kel

2l@1e] A R 38 21s IdsH sk
(G, +AG, +2G +AZG)-(F, + AFy + XF + ASF)-(E, + XE) (42)
2@20l14 F 3209 TS ARSIl 1IEIA E,
g3} sEo 2 Beshd oy 2t

Ey &

E,G,F, + E,G,SF + E,G,AF, + E,G,ASF
+E,SGF, + E,SGEF + E,SGAF, + E,SGASF

43)
+E,AG Fy + E\AGEF + E\AGAF) + E AGALF
+EAZGF + E\ALGZF + E ALGAF) + E ALGALF
IE, %
ZEGFy+ZEGIF +ZEG AR, + ZEG)ALF
+XEYXGF, +ZEXGIF + ZEZGAF) + ZEXGALF (44)

+SEAG,F, + SEAG,EF + SEAG,AF, + SEAG,ALF
+SEASGF, + SEASGSF +SEASGAF, + SEASGASF

2@3)7 @4plA 00 HE ZAS Fig 39 JERISICH
Fig. 3914 78] 00] opd &o] glom Fig. 448 EF3
T UTh Fig. 4ll4 & 5 R0l o] 27 EA(T),
3 TR (Try), TR K Tsr) B B (Top)t 22t 31
A A= A ohEdth. UHA] v] 7ER1] 7B, 3]
ARl 1A FAE A 1 B (Tasy), AR T3

-267 -

i
4
&
~
o~
]

: Ideal cogging torque
EXGAXF TRT : Rotor tolerance

: Stator tolerance

©n
<)

: Rotor & Stator tolerance
: Only eccentricity
: Rotor tolerance & eccentricity

: Stator tolerance & eccentricity

YEAYXGALF ]}STE l:l : Rotor & Stator tolerance & Eccentricity

Fig. 4. (Color online) Components of cogging torque considering all
uncertainties.

-
OO0 0O O

Sk A (Tare), 82 BAFet VA (Tsre), 123 BE B3
38 13 F7) BEA(Trsye T 2tk
Tisr(@)

o | AG, {-AF,, sin(qa)+AF, , cos(qar)} (45)

=—nK) q
; +AG, , {~AF, , cos(qa) - AF,  sin(qa)}

» OAF”

oo o
-K7E, Y (nNs)G, v AF,, cos(nNsa), r=nNg
n=1

E’d0-K[G*AF ‘ZE“

~

de

RTE :_KIG

=rF, D, (r, t,)sin(r + )
+7F, D, (r, pt,) cos(r + e | #h

AF, sin(r—u,)a, p,=nNg—r

P +AF, , cos(r — ), p, =nNg—r
+K§Z Z Ga”NSD(x(/’ll’ﬂZ)r ’ ] )

' ot AF,  sin(r + i), p, =r+nNg

+AF, , cos(r + ), py =r+nNg
~K27GAF, D" 11,D,(0, ,)sin(1,a), 4, =0

Histp
{—AFN sin(r + 4, ) }
s My =

+K7G, ,D_(r,
022#_ «(rs ) +AF, , cos(r + u,)a

r=l

~KahF, Y, Y G, D, (nNg, 1)sin(pn,a), 4 =nNg
n=l .4

AF, sin(r — pu,)a, g, =nNg—r

-AF,, cos(r — th)ar, phy =nNg—r

-k z Z Z GanN.\' 'u2Da (lul s :u2)

2 AF,, sin(r+u)a  p =r+nNg

+AF,  cos(r + i,)ex, p, =r+nNg
(46)
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F? , OE
T, = _KjAGZ 2 —Ed0- K[AG'F? %d@ Tosme (@) = KjAGZ OAF” g - K[AG*AF? ‘Z’i do
2 . —AF,  sin(r + 1)
= Kﬂ'z mN,F, \ E>o(AG, . sinmN,a +AG, . cosmN,a), g=mN, =—KmAG, Y, 3 E, (4, 4,) . H=r
=i = T | +AF,, cos(r + 1)
+ Kz MNI’F:ZM:\',. Z D, (1, 1,)TAGy sin(mN, + p, ), gy =mN, _72 Z VAG sin(r — ), g =-r+q |
m=1 Hystl ) . sm(r + /uz)as =r + q
{_Sm(ﬂz_mNp)aa H=mN,+q Cos(r— 1), f=—r+q
a) . _ H)s
K & Sln(/u2+le,)a, Hy _mNriq +;MZ&’AG {COS(rJr,UZ)a, 1 :riq
+72’”N1 e 2o Dt 1) cos(, —mN,)a, pm=q-mN, 7 cos(r — i), p=—r+q
= It K=
+AG,  qcos(y +mN,)at,  py=mN,~q 2[-Y S rAG, AF,, {cos(r+m)a, i =r—q
—cos( s, +mN,)et, g, =mN,+q o —cos(r+ ), f=r+q
—K271'AG0FOZ/12DH (4, 1) sin(enx), 1, =0 =sin(r—m)a, p=-r+q
# +2° 3 rAG, AF, dsin(r+m)a, pm=r+q
. .q b,r 2 > 1
7K”AGOZFam.\',,a Z D, (s ) sin(p, + mN ), g =mN, a5 Hiok —sin(r+ 1) —r—
=l s h)% Hy q |
+K12AGAF, z WE, (1, m)sin(ua), =0
—KrF z,uzD 778 {ZGM sm(y,a)+ZG,,qcos(,u2a)} =q s
=1 q-=1 _K”AGUZ ZﬂzEa(ﬂm“z { AF, sin(r+ u, )+ AF; cos(r+,uz)a}, w=r
TaG {sm(,u2 —mN,)a, 1, =-mN,+ q} o=
o [ sin(u, —mNya, pg=mN,*q —KahFy Y Y wE, (1, 1,){-AG, , sin(u,a)+ AG,  cos(u,a)}, p=¢q

a=1 .10
ZF \,Z ) (s 14,) cos(u, —mNp)a, p,=—mN,+q i
" +ZAG,MI cos(u, +mNp)a, 1, =mNp,+q
o —cos(, +mN, ), p,=mN,—

(47)

Table I1. All components of cogging torque considering uncertainties.

Symbol Components Configuration Condition for 6 integral to be non-zero Order (k)
INg =mN, = k=1
T Ideal E,YGYF s = = §
z=LCM(N,,Ny) (1z,2s,3s,...)
Trr Rotor tolerance E,>GXAF 7 =nN; k=r=nN;
Tor Stator tolerance E,XAGYF g=mN, k=q=mN,
Trsr Rotor & Stator tolerance E, SAGY.AF r=gq k=r=gq
Tor Only eccentricity SESGYF #=0 k= #
‘mN » —hN, mN, * 11,
r=nNg
r=nNjg
H
Trrr Rotor tolerance & Eccentricity SESGYAF = rN k=< +u
= —(t+ 4t5)
M, =r*nNg 1t — 1, 4 nN
1 2 S
q=mN, g=mN
iy =mN T
T Stator tolerance & Eccentricity SESAGYF Fh=mie k=4n
H=qg—mN, i, £mN
Mm=mN,*q Y
q=r
M= 0 r=q
Trste All YEYAGY AF M =rorq k=irtu
m=rtq H,

H=-r+q
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T sin(r— ), py=-r+q
TSAG. AF. E, (1, )
5 ; wdDF !Z;: E, (1 /12){_Sm(r+#z)m =i

—cos(r— ), i =—r+q
cos(r+ o, py=rtq

{cos(r — ), @=—r+q

T
+EZ AGa‘qAF})‘r z /quu (/11 s My ){
q.r s

N

—cos(r+ ), w=r+q
cos(r+ e, p=r—q

Tin(r —w)a, @=-r+q

T
+52AGh‘qAFh., > LE, (14, 18,)
"

e

sin(r+ g6,)a, @y =r+q

7
+E Z AGb.qAF;.r Z :LIZE(( (/ul B ,uz)
o —sin(r+ w)at, 4 =r-q |

s

(48)

Table 119l B34S 1esl] 77 EA] 744 84, &
Az 9 oad a1z A5E VERRITE 2(45)~(48)y
7180 #7] EA f= WA FARH Akt 28-S st
Aok T B3 Table 15 AZ37] S8l v AollA
487 36=52] Spoke-type PMSME] 7] E= AP 53

AZsi)
V. PMSM 34 E3 =3 AH

ol FolXe HAl 27 B3 8% 4
= &z Ao A 8AF B AR mEH
7] E=s} vlwesle] nxyl x5S BRela, 24 A5
Aol Zledehs 74 8AE AEET v e R 37 B
A7S 23 T2 AGE HAAII) Fig 55 487 36652
Spoke-type PMSM REQ] F7] BT 4 Alg AFS Y
ehith. AlFS wg=} 2th(S1, s2)¢F A} 2t (R1, R2)Z
Zgste] 4 Zsiete] BN A=Y FFS RIS
o 1 pme] A HEZ 0.1°9] 7AE 4 7HHeg 13
A ERte] HolHE At T AEES SR
Fig. 62 374 E= 4 dolEe} 408 Alfel] theh FFT
AHE VR Fig. 6(aelA i Ede v B 32|
A2 BT Yepla Hi BEAS AQs YR 4
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o

\ . B
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(Test Motor) J sensor Motor
- (Load motor)

Fig. 5. (Color online) Cogging torque test setup.
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Fig. 6. (Color online) 48P36S Spoke type PMSM cogging torque
measurement data (a) SIR1 cogging torque waveform data, (b) FFT
result.
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Table I11. Cogging torque component occurrence order (48P36S PMSM).
Symbol Torque order (k) 43P3 62r(]1ie;ample
T[ k=lIz k € 144N
(1z,2s,3s,...) {144, 288, ...}
k € 36N
Tar k=r=nNs (36, 72, 108, 144, 180, 216, 252, 288, ...}
o k € 48N
Tsr k=g=m\ (48, 96, 144, 192, 240, 288, ...}
Toe R k€ {123, .. ,12} U 36N U 48N
ST =r=4q {1, 2,3, ..., 12, 36, 48, 72, 96, 108, 144, ...}
u k€ {w) U {48Nxin}
Tox k:{ 2 {1,2,3, ..., 12,36, 37, ..., 48, 49, ..., 59, 60, ...,
mN, 1, 132, 133, ..., 143, 144, 145, ..., 156, ...}
r=nNy
i, k€ {36N} U {1n} U{w + 10} U {36N — (uy + )} U
Tere k=44 {t — 1 + 36N)}
RIE T (1,2, 3, ..., 12,36, 37, ..., 48, 49, ..., 59, 60, ...,
= (a4 + 11y) 132, 133, ..., 143, 144, 145, ..., 156, ...}
My =y + 1N
q=mN, k€ {48N} U {1} U {i, + 48N}
Tz k=1, (1,2,3, ..., 12, ..., 48, 49, 50, ..., 60, 96, 97, 98,
1, +mN, , 144, 145, 146, 156, ...}
r=q ke {123, .. ,12} U 36N U 48N U {m} U {r = w}
Trste k={r+pu, (1,2,3, ..., 12, ..., 48, 49, 50, ..., 60, 96, 97, 98,
p , 144, 145, 146, 156, ...}

A 9 sk LoV Nl A 3
o o] 27k Aol

PMSMolX 2] E&HaAde] ofgt 57 Eﬁoﬂ

319tk Yukdo g BilaAo] gi=

243 QAAE WEdEEA] Al LCM(N, NS)
sl 77 EaE Az7elynh 2ey B A
CM(Np Ny) 2= EE B34 QIxlEd deks
TS 5 Ue Ao® Uitk me B g3l o3
= F 2, EF A, 2 ;32 7Y W AE
S 5= Qe Ao E YeRgth

wEba] 83 0] e ANE Foleh e UlxA Bk

g AR FFS gel W & U S, 1Pn e =
e

T
t
S 4
=Ko
, B 2

i)
=)
oy
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