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Probabilistic computing has attracted considerable attention as a new computing paradigm that overcomes the limitations of
conventional deterministic computing and efficiently solves combinatorial optimization and inference problems. In this review, we
examine the operating principles and applications of probabilistic computing based on probabilistic bits (p-bits). We first describe the
stochastic state fluctuations of a p-bit, the network dynamics based on Gibbs sampling, and the energy-based computing framework
connected to the Ising model. Building on these principles, we explain invertible logic, in which a truth table is encoded into an energy
cost function and solutions are obtained through stochastic sampling, using AND and OR gates and a Full-Adder as examples, and
introduce its application to integer factorization as a representative inverse problem. We also review how representative combinatorial
optimization problems, such as Max-Cut, the Travelling Salesman Problem (TSP), and Number Partitioning, are solved by mapping
their objective functions and constraints onto QUBO or Ising model formulations, and discuss the possible extension to multi-state
probabilistic computing using recently proposed multi-state probabilistic devices (p-dits). These discussions demonstrate that p-bit
networks can effectively perform probabilistic inference and low-energy state searches, suggesting that they can serve as a key
technology for inverse computation, combinatorial optimization, and energy-efficient next-generation computing.
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i =1 Ire]

aEsl] S8 Az ARt dudoz FEN Qo) B s =FolMe & BIE (probabilistic bit, p-bit) 71WF &2 7
FHY T3 A9} 8- 1AL WA p-bite] FEZ J] W), Gibbs sampling 78 WESZ 5=, 18] Tsing 22
I AZEE YA 7RE ARt F2E AT o vlReE ] H(truth table)E oA] H]-E g(energy cost function)
2 olzgdsla 537 AZS F35e 719 =8 (invertible logic)S AND, OR Al°JE 2 Full-AdderS &2 So] Ams}al,
o5 tiFEAR] A4t FAIR] B A1 #3llel H8ske WEES AN TS QUBO B Ising BE 7|8k wiES B3
Max-Cut, Travelling Salesman Problem(TSP), Number Partitioning®} 72 thi 2l Z3t &3} A9 Zo] 4L A2l
on, A ARKE tF e FE 2 pdis o83 te A FEEH HAFEORS] i rFsAE I =2t ol
gt =ole p-bit IESZV) FEF FE3 22 oyA] e g aryoz 88 4= 9IS BHog, I g, =3
HAs 9 oux] E&420 AAd AFE Boke] I VieE €89 F IdeS ARk

FH0| G UHFY, %8 WIE, 71 =2, o B, 23S}

587 7379 (probabilistic computingy> 7|1 AHEA 7R IS SEIL £F HA3E} 2 FE TAE 8%
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AMkS a7k 88 Eobt g et
k2 7IRE AR oyA] AR} oy
2 2 ARE FAZF 23 AR F4u]a ok
71E gAE HAFES =2 9 Ak il =2 gEd
ANAES AlFSARE, Hoe 15 JelE Sasof she
Al 9@ F2 FAAE ARt BRES} dUA] AT 54
3] Z7Ieith olHgt SHAIE SES1] 98k tijte = gEE
2 71578 (probabilistic computing)®] 1AL ATH1-8].
SEEZ AFES APEHoE ( EE 19 AHS 2=
71E ol bite} g, AIRMl wet 07 1 Es -1 +1)
A)E EAHoR WHE3shs EE H|E(probabilistic bit, p-
biyE 71 X G2 ALE3ITE Pbits 9 JH 4150
o3l Zt dEl7t el ShEo] AEw dudoR MA| p-
bitd] =8 23 AE s= A9 1ol o8l v o] 13
Hh3,4.9].

5, =sgn[tanh(ﬂ’[,)+rand(—l,1)] 1)

A7IM, fe gl i 8 YIRS XHske ek
(inverse temperature)©]™[10,11], rand(-1, 1) —13} +1 A}
olellA] TUeHA EXEsk= d=rolal, sgn = AR H
o wet -1 = +1S S} wEbA, pbit E2AQ1
TS 7THEAE fF AleE Sl 29 dEle g8
TS AT 4 QU

olgfgt p-bite TS sf=do] AxfE ol8sle FEE
T Aot g3 FRZE= CMOS 32 7Hke] W il
[12,13], W=ZE[14], AVTE1'E7 T (magnetic tunnel junction,
MTJ) 79F &2}2,15,16] 5°] BEalEal ok o714 MTJ
719k p-bit HISPEA, A, CMOS 3787¢] & 534
< 7, 84 83l ol Aste] eVt gEZFeE W
Bohe 548 €8s o8 23 ARE 29 FES Al
g Qo] FEEF HAFES AT fFst sfedo] EHE
o7 FEM u}2,5,16,17]. HZol= MTI 78 p-bitS
ol g3t 71 =g ik, 2FHAE A4 s 2 gEE
A 2] FEE gk At s = o

olgldt 3-8 Y] p-bits AT AEst FAE p-bit
HIEL I (p-network)E 7WHe 2 T, 71 p-bit7ke] A+
5282 A 7 o8] A8En. dRkH o= MA| p-
bitoll =T fEe v 22 7R FEHE 2dET
[1,3,4,5,17].

I,.=hi+ZJiij 2)
j

Jlk SEEE ARG B4 Aeloh S8 - 4eA - B - ol

AN hE A p-bitoll TFIAlE A HEo]o] X (local
bias), J= AR} MA p-bit Alele] A 7|, 1A
si= AR p-bite] dEfolth. ZF p-bite T p-bits] A
FEIE FE A= Ak dE 1ol wet ARkle] dEE
EEHo 7 AAsla, IubH o Z H]E 7] (asynchronous) s
2og FapFoR JLlEn olgh A 784l 8-S Gibbs
sampling?} WA FA=S] glom, vl AEHS &
3 VEHI= FoiF a2 E wEAy e duyA] 4
BlE E45kA ErH18-20].

webA], SEEA AFEAME dsiaat she Al Bt
A Jek hig AAFCEN 54 eVt & SEE vEpt
T2 YEYI FE BEXE xAI0H1,12]. &3 p-
networke" Hopfield network, Boltzmann machine, Bayesian
network®} 72 oflUA] 7wk RdlZ 3 4= Q1o pobit
9] o]xl JENE Ising spin ol TISAIZIH A1) A%
, Az, 28ar =g k] g E(truth tableys o4
A H]-g F<F(energy cost function) o2 wsgg 4= 3t}
[3,21,22]. Energy cost function> dHbH oz {aE3k 5 =
= HAE7E Ha ol|A] dElell ti8etEs AAlsH, tii
2l 8 WO Z QUBO(quadratic unconstrained binary
optimization) =& o]t} ol= H& g} Ak o) W
T AP ox o2 FHshal, AFRAS e A
Bl penalty energy 3 FAGOZH] HZ57F HA o
A Z== FTH23).

2 A =RdMe dEE4 AFRY 57 dEE v
o= ARl &5 F 7 HFE vro] Argitt 3,
AND, OR, Full-Adder®} 72 7]E =] Al°]E(Boolean
logic gate)S o =2 3= 71 =] (invertible logic)S 4
Mgt o] HZolde =2 A°JES] truth tableS TEBH=
AFE7F e UAE ZE=E energy cost functionS AAAIS}
3, 54 Y == 295 14e Al (clamping)lllA] U
A WE MEFFOZH T =] ALRERE ofle} o
ek F25 sS4, o9k Al (Traveling Salesman
Problem, TSP), ZHthZ (Max-Cut), 5=+2H(Number Partitioning
problemy&A|2} 28 233} FAO ek Ising model
7I9hs At o] A EATG MRS Ising
Hamiltonian ®+ energy cost function®. 2 wl|3F3}31, p-
network’} S AUR] AJElE FHAIgRo 24 HAs e

ABIE =23}
IL. 7t 2|2t =2|(Invertible Boolean Logic)

StEEA "ol EeQt =2l(Boolean Logicy 71&
YA 3ze] 2HEH A=Y d57F ohet, tuth table
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P-bits ARESHE SEEF AFRIAME Fig. 1(a)2h (bl
Y 7+ B WS p-bitS 2 B33, =S T
= AESo] = FEZ JEREE paetworkS TAISH
TH1,3,13]. o], E2lek W< x; e {0,1}= Ising spin HE|
o] p-bit A 5 e {-1,+1}2 HIEo] FAHCT} [3,14,15].
e S, +1 3)
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2. Truth table 7|2} energy cost function AA|
AArt =] FoloA 7P F83 Wl Fig. 1(e)2 (d)
9] Z+ =2] AI°|EQ] truth tableS energy cost function®
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A7, X= g W =

=] 21 kS QR Aol HoJE= penalty coefficient
oftt. o] A& y = fNE VSR AdEdA HA oUA]
(Eige = 00Z 7FAH, truth tableS SRk el <]
penalty energy’} F-JEIt} &, truth tableS WS JEIT

(a) (b)

X1 (p-bit 1) X, (p-bit 1) _
Y (p-bit 3) Y (p-bit 3)

X, (p-bit2) X, (p-bit 2)

Fig. 1. (Color online) Basic Boolean logic gates used for p-bit-based
invertible logic: (a) AND gate and (b) OR gate, with their
corresponding truth tables shown in (c) and (d), respectively.
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AR Ha ez} =31, truth tableS SRKIE HEHie 2
AUAE ZH=t}, LwHHoZ o] 3} energy cost function
=] IAE 5 A2k (algebraic constraint)® 2 F 3 5
©]Z penalty function FEZ WHIZFO=ZH F=T 4= Ut
[23]. ¢lZ 0] AND APIEE 8 v F 98 X 9
=HFOE AHoEER | ¥ = X0 IS WE3|ok st o]
ol energy cost functione T3} o] &HTH1,2,23].

Epp=A(Y-XX,) Q)

Z\‘1(5)'8: (le)(Z:Y) = (0:0:0)7 (0’1’0)’ (170’0)’ (151:1)37’]— ZE.]_-O]
AND AlP|ES] B RE TEshe AdHloe Ha oy
Enp = 05 7HH, ol fdtst= HAM = e
penalty energys ZH=C} vRRIZEX|Z OR Al|EE Y = X, +
X, — X\ X0 BAE WES)|of 122, energy cost function

o the o] A= 4 ATH1.23].
E{)R=/1|:Y_(X1+X2_X]X2):|2 ©)

ole} o] A% energy cost function truth tables TH
3= =2 AElE 2](3) binary-to-spin H3]S o]&-3}e]
A oA ez 2175, ©]F Ising model T p-
network®] A% 7FeA J2F local bias A= viEEW, 7}
p-bit> FEHOZ AJEE 7PAISFHEA truth tableS TS
o ouA] HJEHIE =2 SEE AEHEH dh

-—

3. ClampingZ} Gibbs samplingE 0|28} =2 o1t
Clamping> 578 p-bitd] FeHE &JF o= 1=
o}, ojul, d& WFE clampingdPa X3k (forward)
=g b Y=, w2 &8 WSS clampingsPd 3]
F 285 sk 7bed oY 23S ISKinverted or
backward)®.2 5o 2 BRASIL oS £, AND Al°]
/\El

X, X, > D), ¥R 29 YE aAs, 7 dE =
& X, X7 AEHEHY - X, X). old ZF p-bitS F
W p-bitse] FEl7t FARS w, ARRle] 2R FE] u)
g} vlE718oz fJuo|EH) o]#3F Gibbs sampling 23
o] HHEEH Y|EYIE clamping Z-S WE3PAA energy

cost function®] S HEIES =& HIEZ WESH)

4. AND gate, OR gate ¥ Full-Adder

thSoz EZQl 421 AND Al°]E, OR Alo]JE %
Full-Adder/lo]E S50 s Aoulc). o]F i=e] Ao]
Ex BF F4% dEE pnetworkz 7EE g 3lom, tf
SEHE =28 A9} energy cost function> Table 19 A
B1TH1,14.23].
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Table L. Logic relations and energy cost functions of basic logic gates for invertible probabilistic computing.

Gate Logic relation Energy cost function
NOT Y=1-%X%X Eyor = AY + X - 1y
COPY Y=Xx Ecory = MY — X)Z
AND Y =XX Epp = AY — X X0)
OR Y=X +X - XX Eor = Y = (X + Xo — X X))
XOR Y=Xx +X - 2X.X% Evor = ALY = (Xi + X5 = 2XX0)F
S=X + X - 20X, Ewg = AS - Xi — X + 2XX5)
Half Adder C= XX +AC - XX)
S=X +X -2XX% Ep =S -Xi -X -G,
Full Adder - 20X + XC, + X0C) + 4XX0G, + 20X, + XiCy + XC;,) — 4X1chin]2
Cout = Xl)(Z + XlCin + )(ZCin - 2)(I)(ZC‘M + /,i'[Cour - Xl)(Z - XlCin - )(ZCin + 2--’YI)(ZC'IM]Z
@ 1o (b)
0 X,
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Fig. 2. (Color online) Forward and inverted operations of p-bit-based Boolean logic gates. Probability distributions obtained for the AND gate
under (a) forward and (b) inverted operations, and for the OR gate under (c) forward and (d) inverted operations.

A, AND Alo|Ee] thefr] AuEAT. AND AloJE=
029 ¥ = X A X, =22 WE2H guth tableS TS}
= Hl= Fig. 1(c)9} Zth AND Al°]EQ] energy cost
function Table [0 A|AISH Hle} 0] truth tableS THES)
= 4 7] 7L v A Ha JEE RS AR o]
o, 98 X, X2 (0,)ZE clampingd}d, Fig. 2(a)2} 2] 3l
F el tgee =8 v = v =2 FEE AEY 9ot
[14]. YHHZ, ¥ = 02 clampingdPd Fig. 2(b)e} 2] 7F&

rS’L'

AL XLX) = (0,0), (0,1), (1,00]2L o5 ZFo=
=2 3EE AEY Hoh

OR APIE= t&9] ¥ = X, v X, =4S WEH (ruth
tableS WHEESl= AFElE Fig. 1(d)2F Zth OR AlRJE %A
Table 19 A 2]¥ energy cost functionS ©]-83}<] truth
tables WESSh= 4 7FA] AdEl7) olUA] HaA: FEE ZEs
") Fig 209t 2ol 98 X, %5 (0,002 clampingd}
W, &9 Y} OR GiF 23l st e A5 dot
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Fig. 3. (Color online) P-bit based probabilistic Full-Adder. (a) Schematic of a Full-Adder composed of XOR, AND, and OR gates. (b)
Corresponding truth table. (c) Forward operation with input clamping and (d) inverted operation with output clamping.
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Fig. 4. (Color online) Invertible logic-based integer factorization using p-network. (a) Schematic representation of a 2-bit x 2-bit binary multiplier

and its multiplication procedure. (b) Sampling distribution obtained

from the inverted operation of a 6-bit x 6-bit multiplier with the output

clamped to N = 1147, showing dominant factor states corresponding to (X,}) =(31,37) and (37,31).
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oY, h= A spindll ZRE-8l= local fieldo]t}. QUBO &
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Fig. 5. (Color online) Example of a p-bit-based Max-Cut optimization. (a) Graph partition corresponding to the maximum-cut solution. (b)
Evolution of the energy during annealing and sampling for a Max-Cut problem with 25 p-bits and 250 edges.
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